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It should be noted that Bf would be constant at constant tem-
perature.

The number of molecules striking per unit area per unit
time is related to pressure P when the Maxwell-Boltzmann
distribution law is used. In the actual rocket conditions, where
the situation is far removed from equilibrium, this would be
related to P", where n is any index (1 < n > 0), so that for such
a case

CMs = CmB'Pn/(l+B'P") (7)

Since CS
B has a fixed value, we have, from Eq. (3)

r=k'B'P"/(l+B'P") (8)

where A:' is a constant and is given by

k'=kCs
BCm (9)

Hence,

k"B'Pn

Equation (10) predicts that, at very high pressure, when a
complete monolayer has been formed,

f=k", sinceB'Pn»l (11)

In other words, the burning rate would tend towards a limit,
as has been observed experimetally by Bernard et al.4 Fur-
ther, when B'Pn < 1, one would have

f=k"B'Pn (12)

It is important to note that Eq. (10) agrees with the ex-
perimental results. The experimental, results of Bernard et
al.4 in the pressure range of 1-15 bars for nitric acid-urea
systems are fitted by the following equation:

f=0.25P°-88/(l + 0.37P°-80) (13)

The preceding ideas can be applied to the case of polymeric
fuels also. The combustion process can be visualized as
follows:

Intermediate Decomposition
Polymeric Fuel + Oxidizer — Oxidative ——, _. --—:——**

Product and Diffusion

termediate situations, f would have complex dependence on
pressure.
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IV. Regression Rate of Solid Propellants
The foregoing arguments can be extended to the case of

combustion of composite solid propellants also. The
regression rate may be supposed to be made up of
homogeneous reactions in the gas phase and heterogeneous,
chemical reactions. We may therefore write,

r = ^ ' '"h , = Constant +
k"B'Pn

l + B'Pn

where rh0mo is independent of pressure.
When 1 >B'P", we have,

r = constant + a}Pn

and further, when ajPn > constant,

f=a,Pn

(14)

(15)

(16)

Equation (16) is preferred for actual application11-12 when the
chamber pressure does not exceed 2000 psia. In the in-

Introduction

W ITH the continuing development of successful
techniques for solving steady transonic flows, con-

siderable interest has been focused recently on the develop-
ment of methods to solve unsteady transonic problems. ! In
this note we describe the local linearization solution for tran-
sonic flow past slender bodies of revolution undergoing
oscillatory pulsatile motion of the body surface. This result
provides the fundamental unsteady source solution from
which higher-order multipole solutions (dipole, etc.)
necessary to describe more complex unsteady motions (e.g.,
translation, rotation) can be obtained. The theory is based on
the concept of dividing the flow into steady and unsteady
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components and solving the resultant equations by the local
linearization method.2 The analysis is developed generally for
sonic and near sonic flows, with specific applications made to
parabolic-arc half-bodies and cones at freestream Mach num-
ber MO, = 1. The results indicate the correct convergence to
nonlinear quasisteady theory as the reduced frequency of
oscillation based on body length, &—0, and to linear acoustic
theory as k becomes large (k>\). For k< 1, a range of prime
importance in many flutter and stability applications, the un-
steady solutions exhibit a significant nonlinear thickness ef-
fect induced by the steady-state solution, much like that
displayed in the two-dimensional case.3 This indicates a basic
shortcoming of linear theory in this frequency range.

Analysis
The concept that a major body of transonic flow problems

can be predicted accurately within the framework of inviscid,
nonlinear small-disturbance theory, described by the equation

7 7

(1)

has been well-established.4'5 In Equation (1), M^ is the
freestream Mach number; (xtr,6) are nondimensional body-
fixed cylindrical coordinates with (x,r) normalized by body
length £ and with the x-axis directed rearward and aligned with
the body centerline; / is nondimensional time normalized by
£/£/«,, where £/«, is the freestream velocity; 7 is the ratio of
specific heats equal to 7/5 for air; and 0 is the dimensionless
perturbation velocity potential. Although a variety of sub-
cases of Eq. (1) exist4'6 depending upon whether the time
behavior of the motion is very slow (quasisteady: <t>xt9 </>„
neglected), somewhat more rapid (mildly uinsteady: <£„
neglected), or very rapid (linear high frequency: 0*0^,0^
neglected, the authors have considered the more general case,
encompassing all frequencies given by Eq. (1).

For the general axisymmetric oscillatory flows con^ered
here, it is convenient to expand the solution into a steady and
unsteady component. Thus, set

,r,0,0 =0y (x,r) (2)

where 0/ is the axisymmetric steady perturbation potential,
which satisfies Eq. (1) with the 0 and t terms omitted, 0 is the
complex amplitude of the oscillatory perturbation velocity
potential, k is the reduced frequency defined by A: = w£/C/00,
and R.P. signifies the real part of a complex quantity. Based
on the assumption that small-amplitude oscillations are ap-
propriate for flutter and stability analysis, the equation for 0
becomes

0,.,+

(3)

which, although linear, nevertheless, remains formidable
because of the variable coefficients and mixed elliptic-
hyperbolic type.

The boundary condition at the body surface can be decom-
posed analogously. Upon setting

R(x,t) = eR(x) + R.P.[dR(x)eikt] (4)

where (R, R) are normalized functions describing the steady
and oscillatory components of the body ordinates, and (e,<5)
are, respectively, the normalized maximum body thickness
and the dimensionless amplitude of the unsteady oscillations,
one obtains

(5a)

*]*

where Rj=eR, and primes indicate differentiation with
respect to x. The first two terms on the right-hand side of Eq.
(5b) are familiar, since they also appear in the oscillatory thin-
wing problem. 5 For the slender body case, however, the third
term arises from the imposition of the no-flow boundary con-
dition at the actual oscillating body surface, 7 where a Taylor
series expansion about the mean position r=Rj is used to
remove the resulting implicit dependence on 6. Finally, the
corresponding expressions for the surface pressure coef-
ficients are

Cp](x,Rj) = -2<j>lx(x,R1)-RJ'

R+R'j(R'

(6a)

(6b)

Use of the method of matched asymptotic expansions serves
to identify the logarithmic behavior of both the steady and
unsteady components near the body axis. Consequently, the
differential equation and surface boundary condition for the
unsteady component can be expressed in the compact form

(7)

(8)Iim(r0r) =g(jc) =edR[R' +ikR+ (R'/R)R]

where (X/, X2, Xj ) can be identified from Eq. (3).
Three fundamentally different differential equations and

solutions occur for 0, depending upon the sign of X/ ; i.e.,
whether X / < 0 (subsonic), X/=0 , (sonic), or X/ >0 (super-
sonic). The regions are illustrated in the upper left of Fig. 1
for the forepart of a slender convex body at M^ =1. The
solution for the sonic region 2 must merge continuously with
that for the subsonic region 1 ahead of it and the supersonic
region 3 behind it.

The procedure for determining the local linearization
solution for the unsteady component 0 requires first that the
steady-state solution 0y be obtained to evaluate the variable
coefficients (X/, X2). Then an approximate solution for 0 is
determined by replacing the variable coefficients (X/, X2) tem-
porarily in Eq. (7) by constants, and solving the simplified
equations that result in each of the three regions identified
previously. In the original procedure for steady transonic
flow, the next step would be to calculate the surface ac-
celeration d2<j>(x,Rj)/dx2, replace the constants (X/ , X2) by

STEADY
/// ——-UNSTEADY, k=0

8 1.0

(5b)

Fig. 1 Unsteady pressure distributions on various parabolic-arc half-
bodies undergoing pulsatile surface oscillations; local linearization
——, quasi steady —, acoustic theory k = 0.01, •; & = 0.5,
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the functions that they original represented, and finally in-
tegrate the resultant second-order ordinary differential
equation along the body surface to obtain both d4>(x,R])/dx
and <£(*,/? /), to be used in Eq. (6b). In the results reported
here, the authors have used a variant of that procedure by
calculating <£v (x,Rj) and <£ (x,Rj) directly from the simplified
equations. Near the body surface, these solutions are

, -
ic 2

+ 1 ————————g-^oU-€) ,
JO X— £

x,r) = - \g(x)* \Ein(A1x) +Ein[-A2(l-x)]
ic 2 L v

(9)

(10)

, -
supersonic 2

(X7>0) (11)

where Ein(Z) is the complete exponential function of complex
argument Z,8 C is Euler's constant,

! = [X2 - ( X j

and

Results determined by employing the solutions given by
Eqs. (9-11) in their respective domains, are shown in Fig. 1.
Exhibited in the two lower plots are the normalized magnitude
and phase (in degrees) of the unsteady surface pressure
distributions Cp for a parabolic-arc half-body, with e = 0.10
executing pulsatile oscillations of its body surface propor-
tional to the local radius (R=R). In those results, as well as
others presented here, the steady solutions required as input to
the unsteady calculation were determined by the local
linearization method for axisymmetric bodies,2 which is
known to provide good accuracy for the shapes being con-
sidered. Also indicated on those plots are the results provided
by quasisteady theory and by linear acoustic theory, to which
the present results converge for small and large k. The close
correspondence between the nonlinear and quasisteady results
for k = 0.1 implies a substantial nonlinear thickness effect of
the steady flow upon the unsteady component at low frequen-
cies, and indicates, furthermore, the quasisteady theory can
provide good results in this range. In contrast, the com-
parisons with acoustic theory indicate large discrepancies for
small k, particularly in phase angle, which tend to disappear
only when k is approximately 2.

A further evaluation of the low-frequency results predicted
by the present method is provided by the plot in the upper
right of Fig. 1. The pressure distributions indicated by the un-
steady analysis for a basic parabolic-arc half-body, having a
maximum thickness e = 0.10, undergoing slow expansion to e
= 0.12 and contraction to e = 0.08, are compared with results
predicted by the local linearization theory for steady flow past

Moo= '

.18

.22

—— STEADY

—— — UNSTEADY, k = 0

Fig. 2 Unsteady pressure distributions on various cones undergoing
pulsatile surface oscillations; local linearization ——, quasi-steady
- - - , acoustic theory k = 0.1, • ; ) f c = 0.5, m ; k = l.Q, A ; & = 2.0,

three such bodies. The results are in good agreement, in spite
of the linearization of the unsteady component and the sub-
stantially different methods of solution.

Figure 2 shows the analogous results for a cone with e
= 0.10. Although the analysis derived here applies strictly to
smoothly accelerating flows on continuous bodies-a con-
dition severely strained for the flow in the vicinity of the
shoulder on a cone - application of the previous techniques is
still possible by adopting the strategy of using the unsteady
sonic solution predicted by the current method along the en-
tire length of cone. This is plausible, since the subsonic
solution, which normally would be joined to the sonic result
for points in the region ahead of the shoulder, in fact becomes
ill-conditioned; this is because, for a cone, the sonic point is
fixed at the end of the body. Again, the quasisteady predic-
tions of the present method shown in the upper right-hand
plot of Fig. 2 indicate very good agreement with the steady
state results, whereas the comparisons with the acoustic
theory results shown in the bottom plots indicate a much more
rapid approach to acoustic theory as the frequency increases
for a cone, in contrast to a parabolic-arc half body.
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